STRUCTURAL ANALYSIS 1I

UNIT -1

ROLLING LOAD AND INFLUENCE LINES:

Rolling load analysis for simply supported beams for several point loads and UDL. Influence
line diagram for reaction, SF and BM at a given section for the cases mentioned in above
uinit 1 6 Hours

UNIT -2

SLOPE DEFLECTION METHOD:

Introduction, Sign convention, Development of slope-deflection equations and Analysis of
Beams and Orthogonal Rigid jointed plane frames (non-sway) with kinematic redundancy
less than/equal to three. (Members to be axially rigid) 8 Hours

UNIT -3
MOMENT DISTRIBUTION METHOD:
Introduction, Definition of terms- Distribution factor, Carry over factor, Development of
method and Analysis of beams and orthogonal rigid jointed plane frames (nonsway) with
kinematic redundancy less than/equal to three. (Members to be axially rigid) 8 Hours

UNIT - 4
SWAY ANALYSIS:
Analysis of rigid jointed plane frames (sway, members assumed to be axially rigid and
kinematic redundancy £ 3) by slope deflection and moment distribution methods. 4 Hours

UNIT -5
FLEXIBILITY MATRIX METHOD OF ANALYSIS:
Introduction, Development of flexibility matrix for plane truss element and axially rigid plane
framed structural elements and Analysis of plane truss and axially rigid plane frames by
flexibility method with static indeterminacy < 3. 7 Hours
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UNIT -6
STIFFNESS MATRIX METHOD OF ANALYSIS:
Introduction, Development of stiffness matrix for plane truss element and axially rigid plane
framed structural elements. And Analysis of plane truss and axially rigid plane frames by

stiffness method with kinematic indeterminacy £3. 7 Hours
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UNIT -1
ROLLING LOAD AND INFLUENCE LINES

1 Introduction: Variable Loadings

So far in this course we have been dealing with structural systems subjected to a
specific set of loads. However, it is not necessary that a structure is subjected to a single set
of loads all of the time. For example, the single-lane bridge deck in Figurel may be subjected
to one set of a loading at one point of time (Figurela) and the same structure may be
subjected to another set of loading at a different point of time. It depends on the number of
vehicles, position of vehicles and weight of vehicles. The variation of load in a structure
results in variation in the response of the structure. For example, the internal forces change
causing a variation in stresses that are generated in the structure. This becomes a critical
consideration from design perspective, because a structure is designed primarily on the basis
of the intensity and location of maximum stresses in the structure. Similarly, the location and
magnitude of maximum deflection (which are also critical parameters for design) also
become variables in case of variable loading. Thus, multiple sets of loading require multiple
sets of analysis in order to obtain the critical response parameters.

Figure 1 Loading condition on a bridge deck at different points of time

Influence lines offer a quick and easy way of performing multiple analyses for a single
structure. Response parameters such as shear force or bending moment at a point or reaction
at a support for several load sets can be easily computed using influence lines.
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For example, we can construct influence lines for (shear force at B ) or (bending
moment at) or (vertical reaction at support D ) and each one will help us calculate the
corresponding response parameter for different sets of loading on the beam AD (Figure 2).

Figure 2 Different response parameters for beam 4D

An influence line is a diagram which presents the variation of a certain response
parameter due to the variation of the position of a unit concentrated load along the length of
the structural member. Let us consider that a unit downward concentrated force is moving
from point A4 to point B of the beam shown in Figure 3a. We can assume it to be a wheel of
unit weight moving along the length of the beam. The magnitude of the vertical support
reaction at 4 will change depending on the location of this unit downward force. The
influence line for (Figure3b) gives us the value of for different locations of the moving unit
load. From the ordinate of the influence line at C, we can say that when the unit load is at
point C .

unit downward load

influence line for &4

A Do e T
(54

. Ha = A
Figure 3b Influence llné' of for beam 4B = Page 5
Ra=05 Rz

Ra=105when the moving unit load 15 at &
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Thus, an influence line can be defined as a curve, the ordinate to which at any
abscissa gives the value of a particular response function due to a unit downward load acting
at the point in the structure corresponding to the abscissa. The next section discusses how to
construct influence lines using methods of equilibrium.

2 Construction of Influence Lines using Equilibrium Methods

The most basic method of obtaining influence line for a specific response parameter is
to solve the static equilibrium equations for various locations of the unit load. The general
procedure for constructing an influence line is described below.

1. Define the positive direction of the response parameter under consideration through
a free body diagram of the whole system.

2..For a particular location of the unit load, solve for the equilibrium of the whole
system and if required, as in the case of an internal force, also for a part of the member to
obtain the response parameter for that location of the unit load.This gives the ordinate of the
influence line at that particular location of the load.

3. Repeat this process for as many locations of the unit load as required to determine
the shape of the influence line for the whole length of the member. It is often helpful if we
can consider a generic location (or several locations) x of the unit load.

4. Joining ordinates for different locations of the unit load throughout the length of the
member, we get the influence line for that particular response parameter. The following three
examples show how to construct influence lines for a support reaction, a shear force and a
bending moment for the simply supported beam AB .

Example 1 Draw the influence line for (vertical reaction at 4 ) of beam 4B in Fig.1

[

Solution:
Free body diagram of AB :

> MaboutB)=0=R,(L)=1{L -z
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:»RA=1—%

So the influence line of :

1

4 B
E

o ‘-_I
3 q"l

Example 2 Draw the influence line for (shear force at mid point) of beam AB in Fig.2.

I
M (5

Ar‘[}ﬁﬂs’

Solution:

S M{about Bl =0=> R, = 1—%

For x « E 2 1
2 |—"’1 e
: -1
R Me
il i J
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SR =02V =1-R =E

&
For ;;::.E e

> =0V =-Ry==-1

nq:"hhﬁ

So the influence line for

Solution:
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S M(about B) = 1= R, =1- =

For };-;:E

3 Hl Ve

> (ghout D) = 0

s (2] (-5(2) 2o

5
2x x
== —+ K= —
3
24
For y o= I ll v
’ 1))
b
Ry M
1 2403 o
> adigbout L) =0
) 5 ()
3 3 L 3 3
2x =
=+ x=—
] 3
For = C P
. )
B
Ry Me

3 Mi{about D) = 0 =M p - Rﬂ[z'ﬂ)- il
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My
2L/9

A B
D

Similarly, influence lines can be constructed for any other support reaction or
internal force in the beam. However, one should note that equilibrium equations will not be
sufficient to obtain influence lines in indeterminate structures, because we cannot solve for
the internal forces/support reactions using only equilibrium conditions for such structures.

3 Use of Influence Lines

In this section, we will illustrate the use of influence lines through the influence lines
that we have obtained in Section 2. Let us consider a general case of loading on the simply
supported beam (Figure 4a) and use the influence lines to find out the response parameters
for their loading. We can consider this loading as the sum of three different loading
conditions, (A), (B) and (C) (Figure 4b), each containing only one externally applied force.

SEN 4N

w;wl
G D
A - 8
Case A
- &
4V
A B
Case B i =
b7 77 = D @
Case C A& — m 5
777 2o 5 .ECNT @
)]

Figure4: Application of influence lines for a general loading: (a) all the loads, and (b)
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For loading case (A), we can find out the response parameters using the three
influence lines. Ordinate of an influence line gives the response for a unit load acting at a
certain point.

Therefore, we can multiply this ordinate by the magnitude of the force to get the response due
to the real force at that point. Thus

Ry = 5N x (ordmate of the /L of Ry atx=2m)=5(1-2/6)=3.33&N
Vo = SEN x (ordinate of the JZ of Vi at x=2m) =5(2/6) = 1.67kN

M ;= 5EN x { ordinate of the 77 of Af , at x=2m) = 5(2/3)= 333kNm

Similarly, for loading case (B):
Ry =4kNx (ordinate of the /L of Ryat x=4m)=4(1-4/6)= 133k

Vio=4kNx (ordinate of the ZZ of Vo atx=4m)=4(4/6-1)=-1.33kN

My =4kNx (ordimate of the ZLof M at x=4m)=4(2 x6/9) =5.33kNm

And for case (C),
Ry =-2kNx (ordinate of the JZof Ry at x=5m)=-2(1-5/6) =-0.33kN

Vio=—2kNx (ordnate of the 7Z of V. at x=5m) =-2(5/6- 1) = 0.33kN
My =-2kNx (ordinate of the ZLof M patx=5m)=-202x6/3-2x5/3)=-1.33kNm

By the theory of superposition, we can add forces for each individual case to find the
response parameters for the original loading case (Figure4a). Thus, the response parameters
in the beam 4B are:

Ry =(3.33+1.33 - 0.33)kN = 4.33kN
V.=(1.67-1.33+ 033)kN = 0.67kN

My =(3.33+5.33 - 1.33)kN = 7.33kNm

One should remember that the method of superposition is valid only for linear elastic
cases with small displacements only. So, prior to using influence lines in this way it is
necessary to check that these conditions are satisfied.

It may seem that we can solve for these forces under the specified load case using
equilibrium equations directly, and influence lines are not necessary. However, there may be
requirement for obtaining these responses for multiple and more complex loading cases. For
example, if we need to analyse for ten loading cases, it will be quicker to find only three
influence lines and not solve for ten equilibrium cases.

The most important use of influence line is finding out the location of a load for
which certain response will have a maximum value. For example, we may need to find the
location of a moving load (say a gantry) on a beam (say a gantry girder) for which we get the
maximum bending moment at a certain point. We can consider bending moment at point D of
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Example3, where the beam 4B becomes our gantry girder. Looking at the influence line of
one can say that will reach its maximum value when the load is at point D . Influence lines
can be used not only for concentrated forces, but for distributed forces as well, which is
discussed in the next section.

4 Using Influence Lines for Uniformly Distributed Load

Consider the simply-supported beam 4B in Figure 6.5, of which the portion CD is
acted upon by a uniformly distributed load of intensity w/unit length . We want to find the
value of a certain response function R under this loading and let us assume that we have
already constructed the influence line of this response function. Let the ordinate of the
influence line at a distance x from support 4 be . If we consider an elemental length dx of the
beam at a distance x from 4 , the total force acting on this elemental length is wdx . Since dx
is infinitesimal, we can consider this force to be a concentrated force acting at a distance x
.The contribution of this concentrated force wdx to R is:

dR = (wdx) Fp(x)
Therefore, the total effect of the distributed force from point C to D is:

I

I
R=[dR= er_;_.(:f)dx
C

Xy

x
= WI‘FP_ [J::I.:J'I= w (area under the influence line from Cto D )
i

witnii lengith

x]

A
-

h

Influence fine for R

le X

"~ 7l

ifluence line for a uniformly distributed loading Page 12
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Thus, we can obtain the response parameter by multiplying the intensity of the
uniformly distributed load with the area under the influence line for the distance for which
the load is acting. To illustrate, let us consider the uniformly distributed load on a simply
supported beam (Figure 6). To find the vertical reaction at the left support, we can use the
influence line for that we have obtained in Example 1. So we can calculate the reaction as:

Ry=2kNimx{053/4+1/4)x 4m} = 4kN

Figure 6.6 Uniformly distributed load acting on a beam

Similarly, we can find any other response function for a uniformly distributed loading
using their influence lines as well. For non-uniformly distributed loading, the intensity w is

not constant through the length of the distributed load. We can still use the integration
formulation:

D %2
R=[dR= [ wry(x)dx
64 x!

However, we cannot take the intensity w outside the integral, as it is a function of x .
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UNIT -2

SLOPE DEFLECTION METHOD

In this method the end moments or support moments expressed in terms of slopes,
deflections, stiffness and length of the members. The unknown slope values (slopes) are
determined from the condition of equilibrium of joints for moments that is

Mga+Mgc= 0

MBa Masc

N
AT G/'EP . C T

Assumption

1. All the joints of the frame are rigid that is angle between the members do not
change at a joint even after deformation.

2. The joints are assumed to rotate as a whole

3. Directions due to axial and shear stress are neglected because they are negligible
or small

Sign Conventions

1. Moments:-
Clockwise moment +ve
Anticlockwise moment —ve

2. Rotation:-
Clockwise Rotation +ve
Anticlockwise Rotation —ve
3. Sinking of support

If right support sinks down is +ve
If left support sinks down is —ve

4. Bending Moments
Sagging BM is +ve and Hogging BM is —ve

5. Shear Force
Left side upward the SF is +ve
Left side downward the SF is -ve
Right side upward the SF is -ve
Right side downwardward the SF is +ve
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1. Draw BMD, Elastic curve and SFD by slope deflection Method

40kN 10kN/m

A§ l :FANAVAVAVAVAVAVANAVANIR®
§ 3m 2m @r 6m
1.51 21

Fixed End Moment:

-wa b® _—40X3X2°

= - = =-19.2kN-m

MFaB =

wba® _40x2X3?

MrBa == = =288 kN-m

-wi? _-10X 6%

e i =.30 kN-m

MFrBC =

wi? 10X 62
MFrcB =— =

= R 30 kN-m

Slope Deflection Equation

MaB = MFaB + zlﬂ(Z@A\# 6p)
0

2 X 1.5EI
(284 + 6p)

=-19.2 + g A+ 0B) (6A = 0 due to fixity at support A)

IMAB = -19.2+0.6El 6 |

MpBa = MFBA + 2—?(29&# op)

00
2 X 1.5E1 (205 jfe,-\)

—288+ °. (208" 0a)
1
IMBA = 28.8 + l.ﬂﬂl%l

MBc = MFBC %2@)3 + @)

2X2E!]

=30 + 222 ity i)

MMc = -30 +1 30010+ 006601 0 |

McB = MFCEHE?(M«: + )

2X12E!
a

=30+ (20¢ + OR)

McB = 30 +1.33EI ¢ + 0.667E1 0p |
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Apply the condition of Equilibrium
MBA + MBCc=0 and Mcp=0
At ‘B’
Maa+Mac= 0
28.8 + 1.2E1 6B -30 +1.33EI1 6B + 0.667EI1 8Cc =0
2.533E16B + 0.667EI 6Cc = 1.2 —» 1
At ‘¢’
Mca=0
30 +0.667EI 6C + 0.667EI 6B = 0
0.667EI 6B+ 1.33EI 6C = -30 —» 2

Solving Eq 1 and 2

0B = O0c =

7 372 ? [ —26.194 5

Substitute the above values in the S-D Equatio#f

MAB = -19.2+0.6EI 6B
IMAB = -14.76 kN-m |

MBA = 28.8 + 1.2EI 6B
'MBA =37.68 kN-m |

MBC = -30 +1.33EI 0B + 0.667EI 6C
MBC = -37.68 KkN-m |

McB =30 +1.33EI10c + 0.667EI 6B

Mca=0

Support Reaction

/ 10kN/m

~ Va0 N ENANANANNNANK
N «1 T 1
Va VBi1 VB2 Ve
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VB2=36.28kN and Ve =23.72kN

Va=11424kN, Va1 =28.576kN,
VB = VBi+ VB2 = 58.734kN
36.28

11.424 11.424
J’_
C

23.72

28.576

28.576

SFD

BMD

iy

Elastic Curve

2. Draw BMD, Elastic curve and SFD by slope deflection Method
40kN / 20kN/m 10kN
A i BOANNNANNANNADNN C i
% Im 2m 4m @ 2m
21 1.51 I
Fixed End Moment:
Page 17

=17.78 kN-m

—wa b?  -—anx1x2?
MraB = —f— =

wha?® _40x2X1%
=7 =%.89kN-m

MrBA =" 12
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-wl% 20X 47

MrBc === ==—— =:6.67 kKN-m

wiZ 20X 4°

Mrcp === = =726.67 kN-m

MrcD =McDp =-10 X 2 = -220kN-m

Slope Deflection Equation

MAB = MFAB JE1"3—1(22’5@/;\ + @s)
00
= 17.78 2222 ol + o)

3

"Map = 17,781 308

MBA = MFBA E?(Z(@A + @)

2X2E!
3

IMpa = 8.89 + 2:67E1 0 |

=8.89 +

(268 + /)

MBc = MrBc + 515—1(2@@# 6o

2 X 1.5E1

4 (265 + 0¢)
=.26.67 + _ (26 +0C)

'MBC = 26.67 +1.5E1 O+ ©.75E1 0C |

McB = MrcB +E?(2@€#@|B)

2 X 1.5E!

7 (28c + Og)
_2667+ * (20 +6p)

IMCB = 26.67 +1.5EI 6C + 0.75E1 6B |

Apply the condition of Equilibrium
MBA + MBC = 0 and McB+McD
=0 At ‘B’
Mgsa+Mac= 0
8.89 + 2.67EI1 6B-26.67 +1.5E1 6B + 0.75E1 6Cc = 0

4.17E1 6B +0.75E1 6Cc=17.78

(6A = 0 due to fixity at support A)
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At ‘¢’
McB+Mcp =0
26.67 +1.5E1 6c + 0.75E1 6B -20=0
0.75E1 0B+ 1.5EI 6C = -6.67 — » 2

Solving Eq 1 and 2

0B = 0c=

5.592 ‘D E —7.241 5

Substitute the above values in the S-D Equati&h

MAB = -17.78+1.33EI1 0B
|MAB = -10.3426 kKN-m |

MBA = 8.89 +2.67EI 6B
MBA =23.703 kN-m |

MBC = -26.67 +1.5E1 0B + 0.75EI 6C
MBC = -23.703 kN-m |

MCB = 26.67 +1.5EI 0 + 0.75EI 0B
| Mcp = 20kN-m |

1
Mcp = -20kN-m |

Support Reaction

p 10.34 l 40kN _<.74 23.74 '/_/20kN/nlO 2
™ ] KANANNLNAR
Va VBl \/‘Fz\[) <]/ T \[>
Vc

VA=2221kN, VB1=17.79kN, VB2=40.935kN and VC =49.065kN

VB = VB1+ VB2 = 58.734kN
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40.94
22.21 2221
10 10
+ +
A B d + D
+ J—
17.79 17.79
SFD 39.056
26.67kN-m 40kN-m

10.38kN-m

BMD

Ly

N

Elastic Curve
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SINKING OF SUPPORT

A

A
6EIS
Mag-=

) }quations
Slope Deflection eﬂﬁzfrcn’rs

2E1 38
MAB = MFAB J?T@&Ki gﬁ_-_,r._

3 is +¥¢ when right side support sinks
& is -'® when left side support sinks

6EIS

BA =

1. Analyse the continuous beam by slope deflection method the support Bsinks by Smm

Draw BMD, EC and SFD. Take EI =2 X 10* kN-mm?2

~

S

Fixed End Moment:

MFaB =

—wa b? _ —60X3X2?

=.28.8 kN-m

wha® _ 60X 2X 37

MFBA =

=43.2 kN-m
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-wab? _-80X2X2%
Mrec == = e =40 kN-m

wha? _80X2X2?

MFCB = -£2 42 = 4() kN'm

MrcD =McD =-20 X2 X 1 = -40kN-m

Slope Deflection Eguation
MAB = MFAB + (05+65-¢ )
2El

2, 202

| =-28.8 +2 x 2x 10 M +06B 'B(G.QD(SJB
IMAB = -52.8 + O8xx1 000gks| '

MBA = MFBA 24204 + QE,_.%é)
!
=432+ o+ A - C ))

Mpa = 19.2 +:166%1 1006 05)

8
MBC = MFBG‘E—(? 208+ 0¢ -37)
=-40 + (208 +6c - ( - )

[Mpc=-2.5 +2 x1Ffpt 1FRe] o0

McB = MFCB%%H(ZQG + 0B 'Z—Taj)

2 X 1.5E! (200 + 0; - 3(—0.005})

=40+ *_ (20c+0B- " ())
IMcp =77.5+2x10%0c + 1070p |

Apply the condition of Equilibrium
MBA + MBc = 0 and McB+McD
=0 At ‘B’
Mgsa+Mac= 0
4 4 4o _
192+1.6x1070B-2.5+2x 1070+ 107 0Cc=0

3.6x 10%0p + 10* 0c = -16.7

(6A = 0 due to fixity at support A)
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Atc’
McB+Mcp =0
77.5+ 2 x 10%0c + 10%0R 40=0
10%p+2 x 10%0c = -37.5 — 2
Solving Eq 1 and 2

0= 0.66 x 107 0c=-19.1
4
x 10

Substitute the above values in the S-D Equation

MAB = -52.8 + 0.8 x 10%0p
MAB = -52.275 kN-m |

MBA = 192 + 1.6 x 1070
'Mpa =20.256 kN-m |

Mpc = 2.5 +2 x 10%g + 10% 0¢
Mpc = -20.256 kN-m |

McB =775 +2x 10%0c + 10%0p
| Mcp = 40kN-m |

1
'Mcp = -40kN-m |

Support Reaction

80kN 20kN/;
52275 l 60kN (- 20256 20‘256\ ﬂ%/\/\/\
€ 2 £5 7%
Va VBI VB2 Vc

VA=30.4kN, VB1=29.6kN, VB2=35.064kN and VC =84.94kN

VB = VB1+ VB2 = 64.664kN
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30.4 30.4
n +
A B C + D

+ _

29.6 29.6
SFD 44 b 44.9

72kN-m 80KN-m
52.275kN-m
n +
40kN-m
20.256kN-m

BMD

Wiy

NN

Elastic Curve
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Analysis of NON-SWAY Portal Frames

A frame is a structure having both horizontal and vertical members, such as beams and
columns. The joint between any two members is assumed to rotate has a whole when loads
are applied (rigid) hence they are called rigid jointed frames.

The frames is which the beams and columns are perpendicular to each other are called
orthogonal frames. The moment of the joints in frames in the lateral direction is called
Lateral Sway or Sway.

S

[
P

T T
The frames which do not sway in lateral direction are called non sway portal frames.

Examples:

: i

I

AT T T

T T
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Structural Analysis - 11 figure and draw BMD
1. Analyse the frame shown in the

dm| [ I

STTTTTTTTT AT
A D

Fixed End Moment:

MraB=0
MFrBA =0

—wl? —40 X 62
12 12

[}

Megc = =-120 kN-m

wi?  40X62

MEcB e 120 kN-m

Mrcp = Mrpc =0

Slope Deflection Equation

MaB = MFraB ZTE,(ZO.A“LF 0n)

00
=0 43'? ((Zfﬁl‘*@)@)) (0A = 0 due to fixity at support A)

[MaB = 0.5EI 0B |

MBA = MFB&E?@@A Bl

0
~ 0+ Gl o)
MBa = EI Gél
MBC = MFBC faﬂ@@@#@@

2X2E!

~ 120 +22E 20+ 60)

MBC = -120+1.33EI 6B + 0.667EI 6C |
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StructuraICBFCBAnalxg}sgzew 0 [1
M=M-+ + T( B¢ + HB)

2X2E!

=120+ -

(26¢ + OB)

IMcB = 120+1 33EI 8¢+ 0.667E1 05 |

McD = MpeD-+(2c + )

2El

0
~ o+ 2L aucopn)

Mbc = Mrnc + —20p + 0¢)
00
2E!
=0+ T(Zﬁ;w@)

|Mpc = 0.5EI O |

Apply the condition of Equilibrium
MBA + MBCc =0 and McB+Mcp =0
At ‘B’
Msa+Mac= 0
EI 6B -120+1.33EI1 6B + 0.667E1 6C =0

2.33EI10B + 0.667E10C = 120

— 1
At ‘¢’
McB+Mcp =0
120+1.33E10Cc + 0.667EI 6B+EI 6C =0
0.667EI 65+ 2.33E1 6C =-120 — 2

Solving Eq 1 and 2

0B = 0c=

5,592 —-7.241
I D

El EI
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Substitute the above values in the S-D Equation
MAB = 0.5EI 6B
IMAB = 36.14 kN-mh

MpaA=EI OB
| MBA = 72.28kN-m |

MBC = -120+1.33EI 08 + 0.667EI 6C
MBC =-71.6 kN-m |

MCcCB = 120+1.33E1 0c + 0.667EI 0
|Mcg = 72.3kN-m |

Mcp = ElL 6¢
Mcp = -72.26kN-th
Mpc = 0.5EI Oc
Mpc = -36.14kN-m | 180
+
72 72
72 72
+ +
36.14 36.14
BMD
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2. Draw BMD and EC by slope deflection for the frame shown in figure.

10kN/m 30kN 30kN

A '/ B l l C
JANAYACANAVAVAN E
[~
3m Im 2m Im IZ
3m
20kN___ |
2m
o/ 7T
Fixed End Moment:
MraB=0
MEFBA =1 D0xx33xx11 55=4Nnn
—wab2 _ —wab? _ ~30X1x 32 _ 30x3x1°
MrBC = = = - = = =225 kN-m
2 2 2 ” 2
wb-a +wha :30X1x3 30X3x1 =225 kKN-m
!.«] lz 42 42
+
Mrcs = —wabz _20X3x 22
MFBD = o =7 = 0.6kN-m
MrDB = _Wbaz sttt =-14.4kN-m

12 52

Slope Deflection Equation

MBC = MFBC *Eﬂ@% H&c))

2E1

=225+ (mwp‘))

Mpc = 225+

McB = MFCB-EE(Q%+%))

2E]

=2 5+2 (zﬁ‘c +0R)

MCcB = 22.5+0.5EI 0B |
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MBD = MFCD i?(z@a 4 @iny)

2El

0
= 9.6+ 2L 20p Jfa@)

5

| MBD = 9.6+0.8E1 6

MDB = MEDE + (2 + )
00
= 0+E§ (2}&;*@3)

'MDB = -14.4+0 4EI 0B

Apply the condition of Equilibrium
At ‘B’
Msa + MBc+ Map = 0
45-22.5+E16B+9.6+0.8EI 6B =0

1.8EI 6= -32.1
o= -
Substitute the above value ir%he S-D Equation

-17.83
MBA = 45kN-m £l

MgBc = -22.5+EI 6B
|MBC = -40.33 kN-m |
McB =22.5+0.5EI 6B
|MCB = 13.585kN-m |

Mgpp = 9.6+0.8EI1 0B
|MBD = -4.67kN-m |

MpDB = -14.4+0.4EI 0B
'MpE = -21.52kN-th
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UNIT -3
MOMENT DISTRIBUTION METHOD

A MBa B Mgc C D
ML W
Consider a continuous beam ABC as shown in the figure. The final moment developed at

the intermediate support B should follow the condition MBA+ MBcC = 0 but the fixed end
moments (FEM) at that support will be MFBa+ MFBC = 0.

The algebraic sum of the fixed end moments (FEM) thus obtained is the unbalanced
moment at B. This unbalanced moment is balanced and redistributed to both MFBA and

MFBC depending upon the stiffness of the member. Half of the distributed moment will be

carried over to the far end. Hence we will again have unbalanced moments, so that we have
to balance and distribute.

This iteration process will continue till we get balanced moments that is MBa+ MBC = 0,
similarly at the last simple support McB = 0.

This iterative method of balancing and redistributing of unbalanced moments to obtain the
final balanced moments is called moment distribution method.

In order to distribute the moments we should calculate stiffness factors and distribution
factors.
Stiffness Factor (K) :-

Stiffness factor depends upon the support condition at the far end.

. T T

) ) E
If the far end is continuous or fixed K = Ei—t

If the far end is simply support or discontinuous K = i,r.ﬂ

4E1 4EI 4EI 4EI
Ex: KAB > KEA=T R KBC=T, Kem=—

Distribution Factor(A):-

The unbalanced moments are distributed only at the intermediate supports, hence
distribution factors are calculated only at the intermediate supports.

BA— Kga Kpa
Kpa+Kpe 2K p

_ _ Kac Kgc
KpatKpe IKp

BC

Page 31



Structural Analysis - 11

1. Analyse continuous beam shown in the figure by moment distribution method. Draw
BMD, EC and SFD.
S0kN Vs 15kN/m iOkN
l Bf\/\f\/\/\sf\/\/\f\/\c
m

2m 3m

i

T

)
=i

2m

Fixed Bnd itoments:

—wa b? -—50X2X2°
11 42

= .25 kN-m

<
s}
>
ov]
!
I

wha? 50X2Xx2%
Mrpa =—— =——(F—= 25 kN-m

~wl? 15X 5?
12 12

=-31.25 kN-m

wi? 15 X 52
MEcB T 31.25 kN-m

—wab? -—goXx2Xx3?
Mrcp = —5—= = =-57.6 kN-m

wba® _80X3Xx2°

—— =————=38.4kN-m

MFrpc =

Stiffness Factor(K)

4E!  4E]
KBA: Tz Tzﬂl‘[

4ET 4E] .
KpC=F=75=

KCB =‘*TE’ = ‘*?” = 0.8EI

4E1 _ 4E]
ROD == T,

Distribution Factor(A)

0.8E1 0.5

BA= Kpa+Kpe = EI+0.8E1 = 8§g CB= Kcp+Kcp —OBE+0.8El

Kgc _  0.8EI
KBA+KBC' 08EI+E!

Kep . 0.8EI - 0.5
Kcp+Keg  08EI+08ET

= 0.44

BC = = =0.44 CD= = .
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Moment Distribution Table

A B C D
0.56 | 0.44 0.5 0.5
FEM -25 25 |-31.25 31.25 [-57.6 384
Balance +3.5 | +2.75 +13.175 |+13.175

X

6.587 1.375
-2.89 -0.687 |-0.68

Carry over | 1.75 6.587

Balance

()]
o0
(o2e]

X
A/

-0.343 -1.445 -0.343
+0.150 +0.722 |+0.722

Carry over |-1.84
Balance

X
/

NAVAVAN

Carry over | 0.096 0.361 0.075 0.361
Balance 202 | -0.158 X-(i.ows 003&
Carry over |-0.10 -0.018 -0.079 -0.018
Balance ‘/+0.01 +0.008X4;0.04 +0.0\
Carry over | 0.005 0.02 0.004 0.02
Balance -0.01 | -0.008 -0.002 |-0.002
Final 25 24.8 | 24.8 44.39 | -44.38 45
Moment
Support Reaction
15kN/m
25 lS OkN 248 248 v/ 44.39
VA VBI VB2 Vci
44.39 l 80kN 45

S o1

Va VBI

VA=25.05kN, VB1=24.95kN, VB2 =33.6kN, Vci1=41.42kN, Vc2=47.878kN
VB = VB1+ VB2 = 58.55kN
Vc=Vcit+ V2 = 89.20kN
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33.6 47.87
25.05 25.05
+ + +
A B C D
24.95 24.95 32.12 32.12
41.4
SFD

BMD

2. Analyse continuous beam shown in the figure by moment distribution method. Draw

BMD, EC and SFD.
40kN 10kN/m

X e
A l  ANAVAVAVAVAVAVANANVAVAVAVAVAYAVAVAVAVAV.
‘3;_‘ 3m 2m 4m 5m
g
Fixeddind ixtements:
<2 2 = ; 2
Mrap = = = =22 =119.2 kN-m
wha? 40X 2X32
MrBA === =————=28.8kN-m
—wi? —10X 42
MFrBc B e -13.33 kN-m
2 2
Mrcp = == =13,33 kN-m
~wl?  —10X 52
MEcp = = =-20.83 kN-m

12 12
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2 2
Wi 10X 90.83 kN-m

Mrpc =— =
12 12

Stiffness Factor(K)

S ‘*?E’ = 0.8E1

K = — =

!

Kpc="2=""2=R1l
KcB= 473 = 47“ =HI1
Kep = 2= =22 = 0.6EI
Distribution Factor(A)
Kpa _ 08El Keg  _ EI
BA= Kya+Kpe — OBEI+El = B:44 CB= Kog+Kcp —EI+0.6EI D625
al Xep - 268 _ 375
Kpa+Kpc OB8EI+EI Kcp+Keg  OGEIHE!
BC = = =0.56 CD= = =0.375
Moment Distribution Table
A B C D
0.44 |1 0.56 0.625] 0.375
FEM -19.2 28.8 | -13.33 13.33] -20.83 20.83
Release D / -20.83
Carry over -10.41
Initial -19.2 28.8 | -13.33 13.33| -31.24 0
Moment
Balance / -6.8 | -8.66 ><A 11.19] 6.72 \
Carry over |-3.4 -5.59 -4.33 0
Balance /2-56 3.14 ><‘ 2.78 | 1.62 \
Carry over |-1.28 1.39 -1.57 0
Balance /—0.616 —0.765><‘ 0.98 | 0.59 \
Carry over |-0.31 0.49 -0.383 0
Balance /0.23 -0.27 ><A+0.24 +0.144\‘
Carry over |-0.005 0.02 -0.004 0
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Balance -0.053| -0.067 +0.084 | +0.051
Carry over -0.027 0.042 -0.034 0
Balance -0.018| -0.023 -0.002 |-0.013
Final 2434 1854 -18.61 2215 -22.15 0
Moment
Support Reaction
/2434 l SO0kN 854 18T£?\<-I> q/Ts
Va VB1 Va2 Vi

10kN/m

p

22.15

™

&

VBI

VA=17.15kN, VB1=22.85kN, VB2=19.1kN, Vci1=209kN, Vc2=29.5kN

VB=VB1+ VB2 =41.95kN

Ve =Vci+ V2 = 50.40kN
19.1

17.15 17.15

29.5

22.85 22.85

20.9 20.5

SFD

31.25

BMD
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3. Analyse continuous beam shown in the figure by moment distribution method. Draw
BMD, EC and SFD.

- 20kN 60kN/m 20kN
A l l
SAALANAANAANNE C b
S| 8ma2l 2m 2m,] T 2m,]
~—
Fixed End Moments;
-wl?  —20x 8% ;
MFaAB = s =-106.67 kN-m
2 2
Mrpa == =222 = 106.67 kN-m
-wa b? _—a0X2Xx2%
MrBc = —F5— = =-30 kN-m

42

whba? _60X2Xx2°

Mrce =—3 2

=380 kN-m

MrcD =McD =-20 x 2 = -40 kN-m

Stiffness Factor(K)
KBA= 4TE.'= 4 xBZEf AL
KBC =§$= Zﬂ — .71
Kcep="2="2 =il
Kcp=0
Distribution Fa
BA= Kﬂljl-g:fgc __EHE;M =37 CB= v 1

Keg+Kep  EI+0

Kgc _ D75EI 0.43 _ Kcp =

Kga+tKpg EIHO7SE! KehtRep

BC = =0.43 cD= =0
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Moment Distribution Table

A B C D
0.57 1043 110
FEM -106.67 106.67 | -30 30| -40
BalanceOH / +10
Carry over +5
Initial -106.67 106.67 25 40 | 40
Moment
Balance ‘/-46.55 -35.12
Carry over | -23.28 0
Final 129.95  60.12 | -60.12 40| -40
Moment
Support Reaction
60kN 20kN
129.95 {/ 20kN/m  ¢0.12 60, 4
ANANANNR - | ~Ng o
Va VBI VB2 Vci

Va =88.73kN, VpB1=71.27kN, VB2 =35.03kN, Vc=106.3kN

VB = VB1+ VB2 =41.95kN
88.73

35.03 35.03

20 20

24.94 24.94

71.27

160 SFD
129.95

60

40

BMD
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SINKING OF SUPPORT

1. Moments dueetoossnkkigg

M= _5;1 g I rightt suppewtsiaks down 6 is +ve

If left support sinks down 6 is —ve
2. Moments due to Rotation

4E1B
Near end moment = ==

2E18
For far end moment = ==

Where 0 is rotation, clockwise +ve and anticlockwise —ve
The above should be added to the FEM

1. Analyse the continuous beam by moment distribution method. Support B yields by
9mm. Take EI = 1 x 1012 N-mm?, draw BMD and EC

60kN 20kN/m 20kN
< A
N Y NAVAVAVAVAVAN AN D
=
:\"‘::| 2m Im T 6m T Im
Fixed End Moments;
-wab® —6EIS_-60X2X1° -6X1X10°X0009_
z )2 2 - 32 =1
Mrg= & - P = 3 - . =-19.33kN-m
MrBA —WB, a? —6EIS_ —60X1Xx2? _C6X1X 103 x o.qﬂg_ 20.67 kN-m
2 12 32 32
—wl2 = s % o 3
Mrbc = wi®  —6EI(-5) —20X6 6 X 1X 107 X (0.009) 58.5 kKN-m

12 12 12 62

wi? —6EI(-8) 20X6® —6X1X10°X(-0009)_ 6
Mreg=1% - ¥ =1 & (. ,=6l5kN-m
MrcD = McDp = -20 x 1 = -20kN-m

Stiffness Factor(K)
Kpa === 2= 1350
Kpc =" === 0.5EI

Kes = 2EL = 2B _ o 6671
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Kcp=0
Distribution Faetoi(A)
Kpa _ 133El Keg  _ _0.67E1  _
BA= KpatKge — L33EI+0.5E1 — 8733 CB= K p+Kcp —067E1+0 =1
TBC o D8R o559
Kpa+Kpe  1.33EI+05E!
BC = = . =0.275 cp=0
Moment Distribution Table
A B C D
0.725 | 0.275 110
FEM -19.33 20.67 | -58.5 61.5]-20
BalanceOH / -41.5
Carry over -20.75
Initial -19.33 20.67 | -79.25 20 20
Moment
Balance /2.47 16.11
Carry over | 21.235 0
. 1.905  63.14 | -63.14 20| 20
Moment
Support Reaction
/ZOkN 20kN
1.905 OkN 63.14 63.1 2 l
T(D ! DT T\D/\/\/\/\f\/\/d\T)T{’D
Va VB1 VB2 Vci

VA =-1.8kN, VB1=061.8kN,Vp2=67.19kN, V¢ =72.81kN

VB = VB1+ VB2 = 128.99kN
67.19

20 20

1.8 1.8 -

SFD
52.81
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1.905 BMD

Analysis of Non — Sway frames

1. Draw BMD, EC and SFD for frame shown in the figure.

20kN/m 40kN

A Junme_ L
4m

§ 2m 3m
2m
—
2m
D
T
Fixed Endi Miomgntss:
-wl? 20K 4% _
MFaB T T g 26.67 kKN-m
2 2
Mra = =22 =26,67 kN-m
—wa b® —40X2X 3%
Mrpc = —F5— = = =.28.8 kN-m
b a? 3x22
MEcB =Wi2ﬂ =2 x;zxz =19.2 kN-m
1a b2 - 2
MFBD = = f::' == x;zx 2 =10 kN-m
-wha® _ -20X2X27% _
Mrpp =—7— =——/ =-10 kN-m
Stiffness Factor(K)
i 4
4El _ 4El _ I
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KBC =5§’-= 5:—’= 0.GE1
Distribution Factor(A)
Kga _ EIl - _ Kgp . EIl -
BA= EBA+KBC+KBD TEI+0€EI+El 0.385 CB= Kpa+tKpc+Kgp EITOGEI+El 0.385
Kpc _ D6EI _
Kpat+KpctKgp  EI+O6EI+El 0.23
BC = =
Moment Distribution Table
AB BA| BC CB| BD DB
0.385] 0.23 0.385
FEM -26.67 26.67| -28.8 19.2]1 10 -10
BalanceOH / -19.2
Carry over -9.6
Initial -26.67 26.67| -38.4 0110 -10
Moment
Balance /0.67 0.4 \ 0.67
Carry over | 0.335 0 0.335
. 2634 2733 | -38 01]10.67 9.67
Moment
48 43
38
+ +
273
26.3
10.67
20 +
9,67
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UNIT -4
SWAY ANALYSIS

Sway analysis by slope deflection method

1. Analyse the frame shown in the figure by slope deflection method Draw BMD and
EC

OkN/m

/\/\/\/\‘/J\

B 6m, 21

4m |1 21 bm

7
A

AT

Fixed End Moment:

MFAB=0
MFrBA =00

—wl? —40 X 62
12 12

Il

MEFBC = =-120 kN-m

wiZ  40X62
MFCB—12 i

=120 kN-m

Mrcp = Mrpc =0

Slope Deflection Equation

MaB = Meap + (204 + 0 22)
00
=0 ﬁ? (zm + 6 - §z£)) (6A = 0 due to fixity at support A)

IMAB = 0.5EI 6B ~©.373EIS |

Mga = MrBa + 2T"H(ZQA + OB-- %) )
0

2El 18
=0+—4— (29B+£——L—-})

MBA = EI 6B — 0.375EI3 |
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Mac = Mrac + ZTEF(ZQB*@}S—?))

00
— 120 2222 (Euigrtge-f) |

[MBC = -120+133EI 0p-+ 0667 Oc |

McB = MFCBL%{}!B@ +0p- Z—f)

00
1204222 g+ 0 )

IMcB = 120+1.33EI 0¢ + 0.667E1 0p |

2X2E1

Mcp = Mrcp + ——(26¢ + Bp- ?) )

0
o, 2X2El o 38
-0+ 228 oo 4 g )

&

IMCD = 1.33E1 fic - Q03T |

2X2 &
Mpc = MFJD@‘% +0c- 37)
0

o+ 2X62£1@(*+e€_ g,[ﬁ)

IMpc = 0.67EI ¢ - 0.33EIS |

Apply the condition of Equilibrium
MBA + MBCc =0 and McB+Mcp =0
At ‘B’

MBa+MBc= 0

EI 0B — 0.375EI6-120+1.33E1 0B + 0.667E1 6C = 0

2.33EI1 6B + 0.667EI 6C — 0.375EI5 = 120

At ‘¢’

Mca+Mcp =0

120+1.33E1 8¢ + 0.667EI 6B+0.67EI 6C - 0.33EI5 =0

0.667EI1 6B+ 2.33EI 6C - 0.33EIo=-120
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Shear condition

B C
Msa @ Mcp @
4m 6m
Hr——pA Hp D
Mag Mpc
_Map+ My _Mep+mpe
Ha . Hp -
HaA = 0.375EI0B — 0.1875EId Hp = 0.33EI0c - 0.11EI8
YH=0
HaAa+HD=0

0.375E10B — 0.1875EId8 + 0.33EI6C - 0.11EI8 =0

0.375E1 6B+ 0.33EI 6C - 0.296EI5=10 — 3

Solving Eq 1,2 andi3

12.79 ( —60.14 5 24.83
op= & b= &

Substitute the above values in the S-D Equation

o -
I

MAB = .5EI 0B - 0.375EIS
IMAB =27.31 kN-m |

MBA = EI 05 — 0.375EI8
MBA = 63.67kN-m |

MBC = -120+1.33E1 68 + 0.667EI 6C
IMBC = -63.65 kN-m |

McB = 120+1.33E1 6 + 0.667EI 6B
MCB = 88.64kN-m |

Mcp = 1.33EI 0c - 0.33EI8
IMcD = -88.1kN-m |

Mpc = 0.67EI O - 0.33EI&
" Mpc =-4829kN-m |
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88.64

63.65

63.67 88.1

N

27.3

48.29

2. Analyse the frame shown in the figure by slope deflection method Draw BMD and

EC
80kN
Im 3m, 2I 3m
40kN —»
WQW
1T
D
Fixed End Moment;
A 2 — 2
MEaB = MT; L i? AL - -7.5 kN-m
2 2
Mrpa =22 =222 =22 5 kN-m
- g 2
Mrsc = wa b - 80X3X3 = .60 kKN-m

12 62

wha® _80X3Xx3% Page 46
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Mrcp = Mrpc =0

Slope Deflection Equation

MAB = MFaB + ?(29‘%'“’ Op-- #) )
00

o}
- 7545 Foa+0p-20)

[Map = 7.5 + 0.5E116%; ~0BI3EkI0]

MBA = MFBA 3?(264\ +0B- ?))
0
=225+ 22 (2004 -2

MBC = MFBO“’?!E(ZGB +0c- %)
0

— 60 + 2X2EI@@3+6C-76

MBC = -60+1.33EI 0 + G67EL oc |

McB = MFGB-+—(26¢ + 0p- ?)
0

2X2£]((2%+98—7%

IMCB = 60+1.3 3000 H6BEELRE |

8
McD = Mpgp+——(@iic + 0p- =)

0
=0+ EE(ZQ(&ED- 3;)

Mcp = EI 0 -XBIFHIE |

Mpc = MFDG*ELJE'@% +0c- %‘))

= 0+ —Zﬂ(zﬂ+ oc-2)

IMpc = 0.5EI O - 0.375EIS |

(6A = 0 due to fixity at support A)
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Apply the condition of Equilibrium
MBA + MBc =0 and McB+Mcp =0
At ‘B’

Maa+Mac= 0

22.5+ EI 6B — 0.375EI5-60+1.33EI 6B + 0.667EI 6C = 0
2.33E1 6B + 0.667EI1 6c — 0.375E18 =37.5 — 1

At ‘¢’

McB+McD =0

60+1.33E1 08¢ + 0.667EI 6B+EI O¢C - 0.375EI6 =0

0.667E1 Og+ 2.33E1 0¢c - 0.375EId= -60 - » 2
Shear condition
B C
MBa @ Mcp @
1m
—_—
4m
3m
Hr——%A Hp— "D
Mag Mbc
MAB#-MAB.—@-BXI) Mep+t MCD
HA = 4 -0 HD = 4
Ha = 0.375EI0B — 0.1875EI10-6.25 Hp = 0.33EI0c - 0.185EId

>H=0
Ha + Hp+40=0
0.375EIOB — 0.1875E10-6.25 + 0.33EI06C - 0.185E16+40 =0

0.375E1 6B+ 0.375E10¢C - 0.375EI8=-33.75 —» 3
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Solving Eq 1,2 andi3

39‘36? ( -19.36 b . 1o
] =

og= E oc= EI 5= EI
Substitute the above values in the S-D Equation
MARB = -7.5+0.5E1 0B - 0.375EI$
MAB = -29.07 kN-th
MBA =22.5+ EI O — 0.375EId
| MBA = 20.61kN-m |
MBC = -60+1.33E1 0 + 0.667EI OC
MBC = -20.62 kKN-m
McB = 60+1.33EI Oc + 0.667EI OB
| MCB = 60.62kN-m |
Mcp = EI 6¢c - 0.33EId
'Mcp = -60.61kN-th
Mpc = 0.5El O¢ - 0.33EI8
Mpc = -50.93kN-th
180
60.62
+
20.5 )
20.5 60.61

29.07

50.93
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Sway analysis by Moment Distribution method

In moment distribution method of sway frames, we have to carry out two analysis to get

final moments. They are

1. Non sway analysis
2. Sway analysis

Final Moment = Non sway moment + (C x Sway moment)

1. Analyse the frame by moment distribution method.

80kN LB 4m q
- i b 5
6m| 21 1.51 | 4m
D
T
A
77777

Non Sway Analysis

The sway in the frame is prevented by the force 8. As there are no loads on the
members, there are no FEM’s developed. Hence the final moments for non sway analysis will

be absent.
Apply the shear conditions to the vertical members

2H=0,

Ha + HD+80-6=0, §=80kN [HA=Hp =0]

Sway Analysis
Fixed End Moments:
—6EIS_ —6 X 2EIS
MraB = MFBA = ——=——
! !
—6EIS_ —6 X 1.5EI8
Mrcp = Mcp = L 12 i
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= 2 =
) Mpag _ f6? _16
Stiffiness Factor(K) Micn 157 f 27
Kb = == =222 = 1 536l
4E1  4El
KBc= T TinI
4El  4El
Kcp =======EI
f%= 4){1.551 —15EI
Kcp = = = 1.5EI
Distribution Faetoi(A)
Kga _  133El Keg _ El
BA= Kpatkge — 1.33EI+EI ~g37 CB= Kop+Kcp —EI+1.5EI ~Dgty
Kgpc _ El =0.43 Kep _ 1.5E1 s
KpatKpe 1.33EI+E! S Kep+Kep  EI+15E! :
BC = = =0.43 CD= = =06
Moment Distribution Table
A B C D
0.57, 0.43 04 (0.6
FEM -16 -16| 0 0 [-27 27
Balance /+9.12 +6.88><‘+10.8 +16.2\
Carry over | 4.56 5.4 3.44 8.1
Balance /-3.08 -2.32 ><A -1.38 -2.06\
Carry over | -1.54 -0.68 -1.16 -1.03
Balance /+O.39 +0.29X‘0.464 +0.696\‘
Carry over | 0.194 0.232 0.146 0.348
Balance /—0.13 —0.099><—i).0584 —0.088\‘
Carry over | -0.066 -0.029 -0.05 -0.044
Balance -0.0165| -0.0125 -0.02 |-0.03
Final -12.77 -9.68| 9.68 12.25 [-12.25  -19.58
Moment
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Shear Conditions

Su=0, Ha+Hp+86=0

Ha= ﬂﬂ:i"i Hp= EQZ_MCB
&’ =11.7kN

Sway correction factor, C= 5= g5 =6.84
Final Moment = Non sway mormgrt =H@(F)(fSway moment)

MAB =0+ (6.84 X -12.77) = -87.35kN-m
MBA =0+ (6.84 X -9.68) = -66.21kN-m
MBC =0+ (6.84 X 9.68) = 66.21kN-m
McB =0+ (6.84 X 12.25) = -83.79kN-m
Mcp =0+ (6.84 X -12.25) = -83.79kN-m

Mpc =0+ (6.84 X -19.58) = -133.93kN-m

83.79

66.2 83.77

66.2

- 139.9

87.3
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2. Analyse the frame by moment distribution method.

¥ 20kN/m

ANNNNANNG,

8m, 21

4m| 1 I|{4m

A D
777 777

Non Sway Analysis

Fixed End Moments:

MraB = MrBA =0

Mrcp = Mecp =0
—wl?
MFBC — -106.67kN-m
_—wi?
MFCB ~= 106.67kN-m

Stiffness Factor(K)

3El 3 EI
KcD = T=@Wﬂﬂ]

Distribution Factor(A)

pa= —BA_ — (5 b= —CL _ —£(.57

A_
Kpa+Kpe

BC = LS N = 0.5 CD= —Keo =00.43

KpatKpe Kep+Kep
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Moment Distribution Table

A B C D
0.5] 0.5 0.57 [ 0.43
FEM 0 0] -106.67 106.67] 0 0
Balance /53.33 53.33 -60.8 | -45.87
Carry over |26.67 -30.4 26.69 0
Balance 15.2) 15.2 -15.2 | -11.47
Carry over | 7.6 -7.6 7.6 0
Balance 3.8/ 3.8 -4.33 | -3.27
Carry over | 1.9 -2.17 1.9 0
Balance 1.09| 1.09 -1.083 | -0.82
Carry over | -0.54 -0.54 0.54 0
Balance 0.270.27 -0.31 | -0.133
Carry over | -0.135 -0.15 0.135 0
Balance 0.077, 0.077 -0.077] -0.058
Carry over | -0.039 -0.03 0.039 0
Balance 0.019{ 0.019 -0.02 | -0.0167
Final 1 56 g5 73.76| -73.76 61.72| -61.72 0
Moment

Apply the shear conditions to the vertical members

2H=0,

Ha +Hip 8800,

Map+ M
Ha= AB4 AB

0 =12.22kN

Hp=

Mcp+ M¢p
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Sway Analysis

Fixed End M oments:
MFaB = MrBA = _{fa
MEcp = MrcD = _T?J
—6EI§
Mpap _— 12 _—1 -—10
MfrcD _61?6 -1 —10
Moment Distribution Table
B C D
0.51(0.5 0.57 | 0.43
FEM -10 -10 | O 0]-10 -10
Release D / 10
Carry over 5
Initial
Moment -10 -10 | O 0 -5 0
Balance / 515 ><A 2.85 2.15 \
Carry over | 2.5 1.425 2.5 0
Balance -0.72 | -0.72 -1.43] -1.1
Carry over | -0.36 -0.713 -0.36 0
Balance /0.36 0.36 ><‘ 0.21 0.15 \
Carry over | 0.18 0.11 0.18 0
Balance -0.055 | -0.055 -0.103( -0.077
Carry over | -0.028 -0.0513 -0.028 0
Balance 0.026 | 0.026 0.016( 0.012
Final 771 534 | 534 384 | -3.84 0
Moment
Shear Conditions
=0, Ha+Hp-+56=0
+ Mcp

M M M
Dept. HofACiv#%;ﬂg%%S]BITHD = =€
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0’ =4.23kN

) 12.22
S =220y

423
Sway correction factor, C= = - =2.89
Final Moment = Non sway moment + (C x Sway moment)

MAB = 36.85 + (2.89 X -7.71) = 14.66kN-m
MBA = 73.76 + (2.89 X -5.34) = 58.15kN-m
MBC = -73.76 + (2.89 X 5.34) = -58.14kN-m
MCB = 61.70 + (2.89 X 3.84) = 72.84kN-m

McD = -61.72 + (2.89 X -3.84) = -72.82kN-m

MDC:0+(2 89XO):0 160
+
72.8
58.14
B 14.6
BMD
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UNIT-5
FLEXIBILITY MATRIX METHOD

The systematic development of consistent deformation method in the matrix form
has lead to flexibility matrix method. The method is also called force method. Since the
basic unknowns are the redundant forces in the structure.

This method is exactly opposite to stiffness matrix method.

The flexibility matrix equation is given by

[P] [F]={[A] - [AL]}

[P] = [F]"1{[A] - [AL]}

Where,

[P] = Redundant in matrix form
[F] = Flexibility matrix

[A] = Displacement at supports

[AL]= Displacement due to load

1. Analyse the continuous beam shown in the figure by flexibility matrix method, draw

BMD
- 60KNm 100kN

A§f\f\/\/\/\/\/\/\f\f\B l C

§ 4m 1.5m 1.5m T

Static Indeterminacy SI =2 (MA and MB)
MAa and MR are the redundant
Let us remove the redundant to get primary determinate structure

60kN/m 100kN
4
ANAVAVAVAVAVAVANAVAN
A B B C
T 4dm T T 1.5m 1.5m T
120/EI 75/E1
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1L
[AL] =

2L

1L = Rotation at A=SF=tMN’

IL=ABXAX )

160

1L==—

El

7L = Rotationat A =SF at B’

=VB1’ + VB2’

AAIBXA%  EPEeK T

S = 216.25 160
El
[AL] =
ol
1 .

. EI |. . :
Note: The rotation due to saggin 1§I%k§§ s positive. The moments producing due to
sagging are also taken as positive.

To get Flexibility Matrix
Apply unit moment to joint A
lkN—Ip,.D
A T ¢ TB BT Tc
011 o012
[F]=
021 022
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ml _1X4 _ 133
3EI  3El  EI

o
2
=
I
I
[l

ml_ 1X4 067

2= 1T 6Bl . I

Apply unit moment to joint A

1kN-m q\ /D 1kN-m

>
—»
\
—

9]

o)
—»
/—
—

@)

ml ml 1X4  1X3 233
t— =t ==
3EI +3EI _ 3EI + EI _ }.E,'I

d11 312 1.33 0.67
[F] - —
d21 d22 067 133

Apply the flexibility equation

[P] = [F]"1{[A] - [AL]}

0
[A]=
0
-1
1.33 0.67 0 160
1
[P]=EI &
0.67 1.33 0 216.25
Mas -86.0
[P]= = kN-m
Msa -68.0
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120

86 +
75
68

BMD

2. Analyse the continuous beam shown in the figure by flexibility matrix method, draw
BMD

40kN/m 120kN 20kN/m
e

ENANAVAVAVAVAVAVAN VA S D

T 12m T 4m 8m T 12m T

Static Indeterminacy SI =2 (MB and M()
Mp and Mc are the redundant
Let us remove the redundant to get primary determinate structure

40kN/m 120kN
o !
JVAVAVAVAVAVAVAVANAVAN

I S B

720/EI1 320/EI
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20kN/m

g
FAVAVAVAVAVAVAVANAVANE

P

360/EI

[AL] =
2L
Vg’ + Vg’
1L = Rotation at B= SF at B’
= MBle VB2
1L= El
Ve #+ Vg’
21, = Rotation at C= SF at C’
= Yoz iy
2L= El
3946.6
1
(ALl =%;
2293.33
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To get Flexibility Matrix
Apply unit moment to joint A

[N-m . ) IkN-m
A T Tc

)TB Byk

o1l d12

[F]=
1

1¥12 1X12 8

ml ml
3EI ET

=S T3E T 3El

ml _ 1X12 2

Ni=—"—"=

6Ll 6EI EI

Apply unit moment to joint A
1kN-m Q‘\ /D 1kN-m
TD

| It

ml :ZIXIZ_LI]XiZEE

022 =——""1 ai
3EI 3EI 3EI El El
o1 d12 8 2
1
F1= N
321 822 2 8

Apply the flexibility equation
[P] = [F1"{[A] - [AL]}
0

[A]=
0
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-1
8 2 0 39446
1
[P]=EI P
2 8 0 22993
Mas -449 9
[P]= kN-m
MBa -174.22
120
86 +
75
68
- -
BMD

SINKING OF SUPPORT

1. Analyse the continuous beam by flexibility method, support B sinks by Smm. Sketch
the BMD and EC given EI = 15 X 10> kN-m?

30kN/m 120kN

J ya
%/\/\/\/\/\/\f\/\ B l C

6m, 21 T dm 1 2m T

NOTE: In this case of example with sinking of supports, the redundant should be selected as
the vertical reaction.

Static indeterminacy is equal to 2. Let VB and V¢ be the redundant, remove the redundant to
get the primary structure.

A B’ c E
z

120/E1

240/E1
480/E1L
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ructural Andlysis - B’ C
A’

270/E1

1L

[AL] =

1L = Displacenwent at Bimpprimary determinatesstrudtuee = B¥lat B’ moeconjigeate beam

1=l 3 X6Kx SO XQBROOX X661 [ 1 X6X Z° X@HKIP)

8910

IL= ——

El
21, = Dsgplaceneeritatt(C in primary determnadtesstmudture = B¥laat C’ meconjgeate beam

2= [ £ X6 X o X@BEMH6X  — XGRHM X6 X - X(@HE6)]

19070
2L=
Er

8910
AT = 1
[AL] =47
19070
To get Flexibility Matrix
Apply unit Load at B
=~
A S B C
=
X 6m T 4m
1kN
3/EI
A, B, C’
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511=-2X6X X(NIXG)X 6) _?3;?

72

821 = - % X X6% XX@2BXe+-4)= —=

EI

Apply unit load at C
A § B C
§ 6m T 4m

1kN

5/E1

4/EI
2/El
A’ B’ C

=72
512 =-3X6 X - X@BEPIX - X (6/2)]=—

—177.33
Ix  2x@3X6- 2x@n+a) 1x  ixeaxay —
52--2X6X B XQAX6+4)[6X  EX (62 +4)] -2 X4 X X(23X4)= .

o1l 012 =36 902
[F] = -5
d21 322 72 A3

Apply the flexibility equation
[P] = [F]"{[A] - [AL]}

0.005
[A]=
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J

-36 =72 0.00 88900
P]=EI 1 ”
[P]= po
72 -177.3 0 19000
vy
VB 161.4
[P]= = kN-m
Ve 41.9
Support Reaction
120kN
Ma {j 30kN/m MB M 0
{S Ot e 71
Va VBI VB2 Ve

VA=96.64kN, VB1=8336kN, VB2=78.07kN, VcC =41.98kN

VB = VB1+ VB2 = 161.43kN

112.48
kN-m
72.28

Ma

MB

135

112.48 +

72.28

120

BMD
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UNIT-6
STIFFNESS MATRIX METHOD

The systematic development of slope deflection method in the matrix form has lead
to Stiffness matrix method. The method is also called Displacement method. Since the basic
unknowns are the displacement at the joint.

The stiffness matrix equation is given by
[A] [K] ={[P] - [PL]}
[A] = K] {[P] - [PL]}
Where,
[P] = Redundant in matrix form
[F] = Stiffness matrix
[P] = Final force at the joints in matrix form

[PL]= force at the joints due to applied load in matrix form

1. Analyse the continuous beam by Stiffness method Sketch the BMD

[ 20kN/m 120kN
A JAVAVAVAVANIYA & l CE
§ 6m 3m 3m E

Kinematic Indeterminacy KI =1 (6B)

- 20KN/m 120kN
A§/\/\/\/\/6\/\/\/\ B l
m

AURIMAANY

E 3m 3m

[PL] = M+ Mg
= +(— ):_
[PLI=-30BN-m i 20x6% 120 x6

Apply unit displaceméept at jéi@._ 12 g

§A o (P c

[
-

T

[K]=2EC 220 =82 3881 | 53R (0=1)
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By condition of equilibrium at joint B
[P]=0

[A] = [KT{[P] - [PL}

_1

— P} [PL]}

'r"r.

1

1.33E! {0 ]7[ ?0]

1
)
bB= . {[0]-[-30]} =
Slope deflection e¢uatiem
MaB = MFaB + EIE(ZQA# OBn)

®
2 El 225

— (2
=60+ ° (2 A + Te ) (6A = 0 due to fixity at support A)

MAB = -52.5kN+m

22.56

El

Mga = MFBaA + Z—D(ZQB# 0.4)

00
2 x 28 )
=60+ QX B +"a)

MBA = 75.04kNsmm
Msc = Mrsc + “_E’(z@@ + 0¢)

=90+ (2 x B o4 0)
MBc = -75kN-mm

McB = MFcB + 2—51(2@6 + 0p)

EEI_(O 22. S)

=90+ © (0+")
McB =97.52kN-m
120
90

75
52.5

BMD
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2. Analyse the continuous beam by Stiffness method Sketch the BMD

60kN/m 100KN
A§7\J\/\/\/\/\/\§\r\/\ l c
Q 4m 1.5m 1.5m T

Kinematic Indeterminacy KI =2 (68 & 6c)

60kN/m 100kN

N4 s P T
Q [P1L]=hl\%§§: B hom tom \2
+—MF]%§12
=32 e

wl,  60X4® 100Xz

[P2L] = MFcB = £ > g 42.kN-m

wl _100X3

e =37.5kN-m
PiL 425
[PL] = kN-m
PoL 37.5

Apply unit displacement at joint B.

7@

S Z

K —_4EI8 4ﬂ.."cfi.[fﬁ_

T\

4E] | 4E] _ _
L2 (4210 = SEL 4 4EL= ) B3R} (6=1)

Ko —22L2 =28 < g 7E

Apply unit displacement at joint B.
%A EB C %
N
a7,

2E18 _ 2EI

Kiz =— =— =0,67EI

! 3
4E10 4E!
K22 =———£ :—'—3— = 1.33El
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By condition of equilibrium at joint B
[P]=0
[A] = [K] ™ {[P] - [PL]}
-1

233 0.67 0 47,
_4
[A]=— -
0ey7 1.33 0 37.
0B 11,88
_d
T El
Oc =22.19

Slope deflection equation

MaB = MFaB + 2—'?(2% +0B)
0

2 El (2 gﬁ 11.88 )
B
=80+ * (20a - ) (0A = 0 due to fixity at support A)

MAB = -85.94kNm

MBa = MrBa + ﬂ@% +0n)

=X “a’*;f o)
80+ * (2X

MBA = 68.12kNm

Msc = Mrac + :—'?((Z(QIB +0¢)

a2
=375+ ° (2X + B

MB(C = -68.6kN-m

Mcgr=0

120
75

86| - +

BMD
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Sinking of support

1. Analyse the continuous beam shown in figure by stiffness method. Support B sinks
by 300/EI units and support C sinks by 200/EI units

100kN 60kN

e

4m 4m T 4m 4m T

iy

Kinematic Indeterminacy KI =2 (6B & 0¢C)

100kN 60kN

8m Béﬁnl mcé

iy

[P11] = Mrpa + Mic - 6”‘5 B BG

12

_100X8 6048 6X300 6.3(10-1]

X0 S0X0_ 6300 SXI0 1 25kN-m
[Pa1] = Mrcp - 252 <2222 1. 8200 69 38KkN-m
PiL 21.25

[PL] = kN-m
P2 69.38

Apply unit displacement at joint B.

(X ;
§A \QB\EE\/%

4E18 | 4E18 _ 4E! | 4El

Kip =22+ 22 S m @)
l l 8 8
2E10 _ 2EI

Koy === ==~ =025E

8
Apply unit displacement at joint B.

2EI8

_ 2EI _
K12=—£——— > 0.25EI

a
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Ko = = = 0.50EI
By condition of equilibrium at joint B
[P]=0
[A]= K] {[P] - [PL]}1

1 0.25 0
_ &
[A]= 5 -
0.25 0.50 0
OB 15.3%
=2
Bl
0c -6 44,
Slope deflection equattiom
_ _2E _3(+8)
MAB = MFaB + 1 (204 + OB —rﬁ
00

2 El gl 15.36  3EI(300/EDN
2 N A

MAR = -124.29kN-m

MBa = MrBaA + ETEI(Z@A +0p -?))

)
28l {%44_ 9 x 1536 _ 35;(300]5}))
a 2 El 3
=100+ ( + . - « / )
MBA = 79.55kN1h

Mec = Mrsc + 2220, ++6QC--375))

I
=60+ ( + -« /)
2 El 1536 14644 35!(—10015}))

?f"’ T T -

MBc = -79.55kN-m
Mcge=0
200

120

124.3| - +

21.25

69.38

(0A = 0 due to fixity at support A)

BMD
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Analysis of frames
1. Analyse the frame by stiffness method

A§ 2m 2% 3m I, 3m T

100kN 30kN f/;n

3m| |

D

Kinematic Indeterminacy KI =2 (6B & 0¢C)

100kN / 30kN /m
[
Ay l - VANV VNN
§ 2m2I m I, 3m =
3m|I
ST
[PiL] = MFpA ~ Mrsc + Mircp
_ 100 X§X32 30X 3% = 25 5KN-m
5 12
2
[P2L] = MFCB = 301";3 =22 5kN-m
PiL 25.5
[PL] = kN-m
PoL 22.5
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Apply unit displacement at joint B.

N

W \‘\@

S

ST

T Y

Ky =4£8 ﬁ_&ELﬁ.jz M;maﬁﬁ_ﬁ_%&géaa
3 3

l l l

Kan —2E2 =281 = § 67E]
Apply unit displacement at joint C.

<5

-
[~
S Z CE
S Z
[~
7
Ki2 =22 =2 —067E1
Koo =222 =22 =1 3380
By condition of equilibrium attjoint B
[P]=0

[A] = [K]"H{[P] - [PL]}

(6=1)

Page 74




Structural Analysis - 11 -1

4267 067 0 2.
_4
[A] =7 -
067 133 0 2.
0B 3,604
_1
El
0c -15.01

Slope deflection equation
2E!

MaB = MFaB + —(Z@A +0B)

2 X 2EI (}’b L3 604 (¢
=72+ _ (6A = 0 due to fixity at support A)
MAB = -74.88kKN+m

Msa = MrBa + 2—:;[(2@13 + 0R)

00
2 X 2El .60
El
=72+ A+ 2 . )
MBA = 42.23kNlth
Magc = Mrsc + 2—5"(293 + 6¢)
2El 4 o151
28 (2 x 20t 1 o
205+ 3¢ L E |
MBc = -37.37k¥+m
Msb = MrBp + E@@ +0p)
Eg (2 X - El i 0)
=0+ ( . +0)
MBD = 4.81kN+#m
MbB = Mrpg + E@@B +0B)
= (2 X0 2808,
0+ P+

MpDB = -2.402kN-m

McB=0
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